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We introduce a measure of the local density of chirality of the electromagnetic field. This optical
chirality determines the asymmetry in the rates of excitation between a small chiral molecule and its
mirror image, and applies to molecules in electromagnetic fields with arbitrary spatial dependence. A
continuity equation for optical chirality in the presence of material currents describes the flow of chirality,
in a manner analogous to the Poynting theorem for electromagnetic energy. ““Superchiral” solutions to
Maxwell’s equations show larger chiral asymmetry, in some regions of space, than is found in circularly

polarized plane waves.
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A chiral object is a three-dimensional body, such as a
human hand, whose mirror image may not be superim-
posed on the original. Objects of opposite chirality, called
enantiomers, are identical in most regards: all scalar physi-
cal properties (e.g., density, molecular weight, enthalpy of
formation, electronic and vibrational frequencies) are iden-
tical. Only in their interactions with other chiral objects do
opposite enantiomers become distinguishable.

Circularly polarized light (CPL) is a chiral object. A
chiral molecule has different absorption cross sections
when illuminated with left or right CPL, an effect called
circular dichroism (CD) [1]. The fractional difference in
absorption is measured by the dissymmetry factor g. For
most small molecules g < 1073 at visible wavelengths [2],
a consequence of the small size of molecules relative to the
helical pitch of CPL. In the language of multipolar electro-
dynamics [3.,4], CD does not occur within the point electric
dipole approximation, but requires expansion to first order
in ka ~ 1073, where k is the wave vector of the light and a
is the size of the molecule. Intense fields with complex
temporal profiles may achieve coherent control that enhan-
ces chiroptical asymmetry in excitation of some processes
(for a representative example, see [5]). With recent
progress in plasmonics [6] and metamaterials [7], it is
interesting to consider fields with complex spatial profiles,
and, in particular, whether fields exist with greater chiral
asymmetry than that of CPL.

For a non-plane-wave electromagnetic (EM) field that
varies smoothly over a distance of molecular dimensions,
one expects the degree of dissymmetry to depend on local
properties of the field. Energy, momentum, and angular
momentum are the three bilinear densities typically asso-
ciated with an EM field. These quantities are, respectively,
a scalar, a vector, and a pseudovector. Yet chiral interac-
tions require a time-even pseudoscalar, and no such density
is in use. Lipkin introduced such a quantity [8]:

1
C=2E-VXE+-—B-VXB, (1)
2 2

0031-9007/10/104(16)/163901(4)

163901-1

PACS numbers: 42.25.Ja, 33.55.+b, 78.20.Ek

where €, and u, are the permittivity and permeability of
free space, respectively, and E and B are the time-
dependent electric and magnetic fields. In a chiral field,
the field lines wrap around a central axis, but also have a
component parallel to that axis. The quantity C, which we
call the optical chirality, embodies this geometrical pic-
ture. Lipkin and others after him dismissed this quantity as
having no physical significance [9,10].

Here we demonstrate that C determines the degree of
chiral asymmetry in the rate of excitation of a small chiral
molecule. The response of a molecule to an EM perturba-
tion may be calculated at various levels of theory [3,11] or
obtained from experiment. For the present purpose a re-
sponse function description suffices: the internal dynamics
of the molecule are wrapped up in dynamic response
tensors [1,12]. We restrict our attention to isotropic
samples, for which the response tensors may be replaced
by scalars. The restriction to isotropic samples is necessary
because in oriented samples even achiral molecules may
show circular dichroism [13].

A chiral molecule subjected to a monochromatic EM
field generates an electric dipole moment p and a magnetic
dipole moment m given by [1,11,14]

p=akE —iGB, m=yB+iGE. )
Quantities with a tilde are complex, e.g., @ = o’ + ia". &
is the electric polarizability, ¥ the magnetic susceptibility,
and G the isotropic mixed electric-magnetic dipole polar-
izability. E and B are the local fields at the molecule,
which may need to be calculated numerically using the
constitutive relations of the surrounding medium and ap-
propriate boundary conditions. In Eq. (2), one should take
the real part of each side to obtain physical quantities.
Electric quadrupole transitions contribute in the same order
as magnetic dipole, but we neglect them here because the
quadrupolar contribution to the differential absorption
averages to zero in isotropic samples [4].

In the most general monochromatic EM field, the elec-
tric and magnetic fields each describe an ellipse, with

© 2010 The American Physical Society


http://dx.doi.org/10.1103/PhysRevLett.104.163901

PRL 104, 163901 (2010)

PHYSICAL REVIEW LETTERS

week ending
23 APRIL 2010

arbitrary relative phase and orientation. We consider a pair
of such fields which are interchanged by application of

parity:

E(r) = +Eje ', B(1) = Bye i, 3)
where again the real parts of E(¢) and B(¢), denoted E and
B, describe the physical quantities. In Eq. (3), E, and B,
are arbitrary complex vectors. E is odd under parity while
B is even.

The rate of excitation of the molecule is [12]

Ai=(E-p+B-m>=%Im(E*-ﬁ+l§*-rﬁ), (&)

where the brackets indicate an average over time.
Expanding the rate of excitation using Eq. (2) we have

A= = 2 (@' |EF + y'IBP) = G'oIm(E* - B, (5)

The term involving y is negligibly small for most mole-
cules, and so we henceforth neglect it. We apply the
identity @ Im(E*-B) =B-E — E - B to the term con-
taining G”. Applying Maxwell’s equations in free space,
we find AT = E%)(a)Uea” * CG"), where U, = %IE‘I2 is
the time-average electric energy density and C is as defined
in Eq. (1).

For a monochromatic CPL plane wave, the dissymmetry
factor is defined g = 2(A* — A7)/(A" + A7), where A®
is the absorption rate in left (+) or right (—) CPL. We now
generalize the definition of g to include any pair of EM
fields interchanged by parity, whereupon we find

G"\( 2C

8 (a”)(er)' ©
Equation (6) is the fundamental result of this Letter. It
shows that the chiral asymmetry in the rate of excitation
of a small molecule is proportional to the product of the
chirality of the matter and the chirality of the EM field. An
alternate derivation of Eq. (6) based on time-dependent
perturbation theory is given in the supplementary ma-
terial [15].

Conventional CD is a special case of our general theory.
When the EM field is CPL, the optical chirality is C =
+2U,w/c, where ¢ is the speed of light and positive
chirality corresponds to left CPL. In this case Eq. (6)
reduces to the textbook result, gcp. = —4G"/ca’ [1],
which appears to depend only on molecular parameters.

Material currents may act as a source or sink of optical
chirality. This process is governed by a continuity equa-
tion. Taking the time derivative of Eq. (1) and applying
Maxwell’s equations yields (for a derivation see the sup-
plementary material [15]):

€ g p=_ . yxE+E- VX)), O
Jt Mo 2
where the quantity F = {E X (V X B) — B X (V X E)}/2
represents the flux of chirality.

Equation (7) has the same structure as the Poynting
theorem [14,16] for flux of EM energy: aU/dr + (V -
S)/uo = —j - E, where the EM energy density is U =
;(eE - E + tB - B), the Poynting vector is E X B, and
the quantity j - E describes how material currents act as a
source or sink of EM energy. The similarity of Eq. (7) to
the Poynting theorem illustrates a parallel between optical
chirality and optical intensity. Both quantities are quadratic
in the fields, so scaling all fields by a constant value does
not change the ratio of chirality to intensity. However,
these two quantities have opposite symmetry under parity.

Do Maxwell’s equations permit solutions with chiral
asymmetry greater than that found in CPL plane waves,
i.e., in which |C/U,| > 2w/c in some region of space?
Here we show by explicit construction that the answer is
yes. Enhanced chiral asymmetry is achieved at the nodes of
a specially constructed optical standing wave. Small mole-
cules localized to these regions are predicted to show
enhanced chiral asymmetry in their rate of excitation.

The standing wave is constructed from two counterpro-
pagating plane waves of CPL, of opposite handedness,
equal frequency, and slightly different intensity. Let E|
be the electric field amplitude of the left CPL beam,
propagating from right to left, and E, be the electric field
amplitude of the right CPL beam, propagating from left to
right. We assume that E| is slightly greater than E, (Fig. 1).

The interference of the two counterpropagating beams
leads to a standing wave, with energy density in the electric
field:

U,(z) = %[E% + E2 = 2E\Eycos(kz)]. (8)
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FIG. 1. Enhanced chiral asymmetry in superchiral light. The
intensity (circles) is modulated in a standing wave, while the
optical chirality (dashed line) is not. The ratio C/U,, which
determines the enantioselectivity (triangles), becomes large near
a node in the standing wave. For this example, £, = 0.98E, and
each quantity is plotted relative to its value for a single CPL
plane wave. The diagram at the bottom shows the time trajectory
of the electric field at several points along the standing wave.
The black arrows indicate E(7), and the gray arrows indicate E at
earlier times.
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The minimum energy density at the nodes is U, i, =
€)(E; — E,)?/2. Meanwhile the chirality of the combined
field does not contain any interference between the two
beams [this can be shown by applying the definition of
chirality to the field E(z, t) + E,(z, 1)]. We find C(z) =
wé€y(E? — E3)/c, independent of position. The maximum
value of g is

_ _4G/l El + E2
8max — ( Ca// )(El — E2) (9)

The definition of g requires |g| < 2. This condition is
maintained as E, approaches E by achiral magnetic dipole
transitions, proportional to y” |B|2, which we have thus far
neglected.

The enhanced chiral asymmetry at the nodes of a super-
chiral standing wave arises from the suppression of the
electric dipole-allowed transitions, rather than from an
enhancement of the chirally sensitive electric dipole-
magnetic dipole interference transitions. As E, approaches
E, the electric energy density at a node, U, . and the
optical chirality C approach zero. But U, ,;, approaches
zero faster than C, so the ratio C/U,, y;, grows.

The configuration of fields leading to a superchiral
standing wave is remarkably simple to generate, at least
in concept. Reflection of a left CPL plane wave at normal
incidence off an imperfect mirror leads to a right CPL
plane wave of the same frequency and fixed relative phase,
with slightly lower amplitude, propagating in the opposite
direction: precisely the conditions to set up a superchiral
standing wave. A mirror with reflectivity R = (E,/E;)?
yields

gmax=(ﬂ)(ﬂ)= R )

1-+R 1- R

To observe enantioselective photoexcitation in a super-
chiral field, one must localize chiral molecules to a very
thin film. For the example of Fig. 1, the regions in which
g/gcpr. > 1 have a thickness of 0.032A, corresponding to
11 nmat A = 355 nm. We consider a thin film of randomly
oriented chiral fluorescent molecules, e.g., dissolved in a
polymer matrix. For a reasonable concentration (100 wM)
and extinction coefficient (50 000 cm™' M 1), the film will
have negligible effect on the incident field (absorbance =
5 X 107). It is unrealistic to detect absorption in such an
optically thin sample, but fluorescence provides a highly
sensitive measure of the rate of excitation. Fluorescence
detected circular dichroism can, in principle, be observed
on single molecules [17], though claims that this has been
achieved have not been substantiated [18]. For the present
purposes, one may signal average over an area millimeters
wide, containing >10° molecules. A planar mirror is
coated with a transparent staircase nanostructure, with
step heights corresponding to a small fraction of a wave-
length (Fig. 2). The steps are coated with the chiral film.
The device is illuminated at normal incidence alternately

Ca//

with right CPL and left CPL, and the difference in fluores-
cence intensity is recorded. Molecules stationed near a
node in the standing wave are predicted to show enhanced
chiral asymmetry. A silver mirror with R = 92% leads to a
48-fold enhancement in g, while a mirror with R =
99% leads to a nearly 400-fold enhancement.

There have been many efforts to use CPL to induce an
enantiomeric excess in photochemical reactions [19].
Because of the smallness of g, these efforts typically
achieve very small enantiomeric excess. If such a reaction
were run within a superchiral node, the enantiomeric ex-
cess would be dramatically enhanced. However, the small
volumes with enhanced g in the present geometry are
likely to limit the immediate practical application of this
phenomenon.

In the supplementary material [15] we consider standing
waves composed of plane waves with other polarization
states. We show that circular polarization is neither neces-
sary nor sufficient for optical chirality, contrary to wide-
spread assumption.

The present theory is limited to chiroptical effects aris-
ing from an interference between electric dipole and mag-
netic dipole transitions, and to EM fields sufficiently weak
that the material response remains linear in the fields.
Interesting chiroptical phenomena occur outside these
bounds.

Harris and co-workers showed that there is no single
measure of chirality appropriate to all material bodies: for
any measure, one can construct a chiral body for which the
measure is zero [20]. Thus, electric dipole-magnetic dipole
interferences may not be the dominant contributors to a
body’s chiroptical response; higher multipole moments

FIG. 2 (color). Proposed experiment to probe superchiral light.
Molecules are confined to thin films at a range of heights above a
reflective surface. When illuminated with CPL, molecules at the
nodal planes of the standing wave are predicted to show en-
hanced chiral asymmetry.

163901-3



PRL 104, 163901 (2010)

PHYSICAL REVIEW LETTERS

week ending
23 APRIL 2010

may be necessary. This situation arises when the size of the
body is comparable to the wavelength of light, such as with
chiral polymers or cholesteric liquid crystals. An infinite
set of chiral parameters has been suggested to describe the
geometry of a chiral body [21], and so there exists an
infinite set of parameters to describe its chiroptical
response.

Similarly, there cannot be a single measure of electro-
magnetic chirality appropriate to all EM fields. There exist
chiral fields for which C as defined in Eq. (1) is zero.
Indeed, the field of any static, chiral configuration of point
charges is chiral, yet by Eq. (1), C = 0. This claim is
proved by noting that VX E = —9B/dt but B = 0 for a
configuration of static point charges. Yet chiral fields with
C = 0 may undergo chirally selective interactions. The
optical chirality of Eq. (1) may be part of a hierarchy of
bilinear chiral measures that involve higher spatial deriva-
tives of the electric and magnetic fields [22]. We speculate
that all linear chiral light-matter interactions can be de-
scribed by sums of products of material chiralities and
time-even pseudoscalar optical chiralities.

In the context of nonlinear optics, time-even pseudosca-
lar measures of EM chirality can be constructed from third
and higher powers of the electric and magnetic fields, and
are distinct from C. For instance, magnetochiral dichroism
is proportional to the product of a magnetic field and two
electric fields [1], and chiral sum frequency generation is
proportional to the product of three electric fields [23].

In spite of the restriction to weak fields that vary gradu-
ally over molecular dimensions, the measure of EM chi-
rality defined in Eq. (1) may find application in a range of
circumstances. The superchiral fields discussed above are a
mathematically simple illustration of optical chirality, but
nanostructures and photonic crystals may also generate
fields with locally enhanced chirality. The present theory
provides a means to evaluate the rate of excitation of a
small chiral molecule immersed in such a field, where the
field may be calculated analytically or numerically.
Chiroptically selective nanostructures may find applica-
tions as biosensors or as chiral photochemical catalysts.

Measures of chirality of the form A - V X A have been
introduced for a variety of physical transverse vector fields
A. Woltjer showed that, under suitable conditions, f A -
V X Ad®r gives a measure of the knottedness of the field
lines of the quantity V X A [24]. Topological measures of
chirality have been applied to plasma physics and astro-
physics [24,25], fluid dynamics [26], the Frank free energy
in liquid crystals [27], and Chern-Simons topological field
theory [28]. Application of these formulas to EM vector
potentials, however, led to expressions that were not gauge
invariant [29,30]. By defining the EM chirality in terms of
the fields rather than the potentials we avoid the problem of
gauge dependence.
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Supporting Online Material:

1. Calculation of chiral asymmetry using time-dependent perturbation theory:

Here we calculate the interaction of a model two-level quantum system with a
harmonically varying electromagnetic field with arbitrary spatial dependence. This calculation
reproduces equation (7) in the main text. The rate of excitation of a chiral molecule subject to
CPL is:

r'“® =2y (o +Ac) (1)

where the absorption cross section ¢ and Ac are given by the standard formulas:'
2

o=——
3eh’e, Pro )
27
Ao = Im -m
38Ch280 (pnO nO)

where p is the electric dipole operator and m is the magnetic dipole operator. The molecule
starts in its ground state 0 and undergoes a transition to an excited state n.

We now consider a chiral molecule subject to an arbitrary electromagnetic field and
calculate the rate of excitation. The Hamiltonian is:

H=H,-p-E-m-B 3)

The electric quadrupole term should be included at the same order, but for freely tumbling
molecules its contribution to CD vanishes.
Consider a pair of classical electromagnetic fields, related by a Parity operation:

E(t) = +[E, cos(wt)+E, sin(wt)] 4)
B(t)=B, cos(wt)+ B, sin(wr)

where E12 and Bi 2 are arbitrary vectors. The electric and magnetic fields describe ellipses, with

arbitrary relative phase and orientation. We make the rotating wave approximation (neglecting
terms in the Hamiltonian with dependence ¢'®') and calculate the rate of one-photon excitation

. . 2 . . .
using Fermi's golden rule, I' = 77[ Vo ’ p ,where pis the density of final states and Vao is the

transition-matrix element.
The electric transition dipole is purely real and the magnetic transition dipole is purely
imaginary.” Thus the squared transition-matrix element is:

e

n0

Pl ) (B m ) (B m 2B P NBL )~ (B, B, )]
©)



We neglect terms quadratic in the magnetic field, average over all molecular orientations, and
only consider times long relative to the optical period. The transition matrix element simplifies

), -

6
Substituting this expression into Fermi's Golden Rule yields:
CCAJ)
@

. _(B-E-E-B) '
+Tlm(pn0 mnO) . ©6)

VnO

n0

R = [2U ot
: (7)
For the case of CPL, equation (7) reduces to equation (1). Equation (7) has the important
consequence that the enantioselectivity of an arbitrary electromagnetic field is given by:

e[| %)

Equation (8) is equivalent to equation (7) in the main text.

(8)

2. Derivation of chiral continuity equation, Eq. 8 in main text:
Recall the definition of the electromagnetic chirality density:

C=E.VxE+—B-VxB.
2 2,
The time derivative of the chirality density is:

O o0 VB + S . VxE+—B.VxB+——B-VxB

ot 2 2 24, 2u,

_1 L(VxB)-(VxE)—LB-(Vx(VxE))—L(VxE)-(VxB)JrLE(Vx(VxB))—j-VxE—E-ij}
21 py Ho Hy Hy

-1 [v.(Bx(vxE)—Ex(VxB))]—%[j.vxE—E-vxj] )

0
In going from the first line of equation (9) to the second we applied Maxwell’s Equations and in
going from the second line to the third we used the identity V-(axb)=b-(Vxa)—a-(V xb) for

arbitrary vector fields a and b.

We define the flux of chirality F = %[E x(VxB)—Bx(V xE)|, whence equation (9)

becomes the continuity equation in the main text:

a_c+iv-F=—%(j.vXE+E-V><j).

o

3. Chirality and polarization of standing waves:

The polarization of an EM field describes the motion of the field vector within a single
plane. Chirality relates to a fully three dimensional property of the field. For propagating plane
waves, chirality and circular polarization go hand in hand, but for more complex fields this needs



not be the case. In particular, one can have fields that are everywhere linearly polarized, yet
chiral; and one can have fields that are circularly polarized in places, yet everywhere achiral.
Here we support this claim by explicit construction of such fields.

The fields we consider are all standing waves composed of counter-propagating plane
waves, with a variety of input polarization states. For each field we calculate the chirality and
the ellipticity (i.e. polarization state), and show that these quantities are different.

The ellipticities of the electric and magnetic fields are:>*

! xE ) ‘ xB ’
21‘E‘ ZZ‘B‘ (10)
In the case where the Poyntlng vector is nonzero, K lies parallel to the Poynting vector.

Otherwise k may be chosen to lie along either normal to the plane of polarization, and there is an
overall ambiguity in the sign of He and Hp. In the discussion below we focus on the electric
fields, but parallel arguments apply to the magnetic fields.

The two propagating plane waves are E ge’* and E,&'e”", where Eois the amplitude of
the wave, € is the polarization vector, and £ is the magnitude of the wave vector. The total field
is:

E(z)= Ejge™ + Ejg'e™ (11)

We omit the e time dependence because it cancels in the Equation (10) for the ellipticity.

. |H; V> field configuration

This field consists of horizontally polarized light propagating from left to right and
vertically polarized light propagating from right to left. The field is described by the parameters:
Eo=Eo.€=ex and €' = ey. Equation (11) gives for the electric field:

E(z) = \/_E{ Y cos(kz)+i Rl sin(kz)} (12)

V2 V2

According to equation (10), the electric ellipticity is H, = sin(2kz). The polarization is linear at

positions z = % where 7 is an integer, and circular at z = E + E Applying equation (1) in

the main text we find that the optical chirality C = 0, everywhere.

‘0+;J+> field configuration
This field consists of left-CPL propagating from left to right and left-CPL propagating
from right to left. The field is described by the parameters Eo = Eo, € = L(ex +ie, ), and

V2

'

g'= —L(ex —ie, ) Equation (11) gives for the electric field:

V2



E(2) = V2iE, [e, sin(kz)+ e, cos(kz)] (13)
According to equation (10), He = 0 everywhere. The field is linearly polarized with its
polarization axis rotating around z axis. Applying equation (1) in the main text we find that the

e,

optical chirality C =2 E;, everywhere.

[o:07)
This is the field considered in the main text. It consists of left-CPL propagating from left

to right and right-CPL propagating from right to left. Here we consider the case where the two
plane waves may be of different amplitudes: Eo, and Eo’. The polarization vectors are:

f(e" +iey), g'= —%(eX +iey).

Equation (10) gives for the electric field:

€=

E(z) = \/_ {[(E ~E, )cos (kz)e, (EO + E('))sin(kz)ey]+ i[(EO ~E, )cos(kz)ey + (EO +E, )sin(kz)ex ]}

(14)
According to equation (10), He = 1 everywhere. This field is circularly polarized in all space,
although the amplitude is modulated with period n/k. Applying equation (1) in the main text we

/2

find that the optical chirality C =
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